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Abstract 
Let F be a family of n convex sets in the plane. A set of light sources S illuminates F if every 
point on the boundary of each element of F is visible from at least one element in S. We prove 
that if F is a family of n line segments, n >/11, then [- 2n/3 7 light sources are always sufficient to 
illuminate F. If all the elements in F are parallel to the x or the y-axes, then F can be illuminated 
by at most [- (n + 1)/2 7 light sources. 
1. Introduction 
Let F be a family of n compact  convex sets in the plane. A set S of k light sources is 
said to i l luminate F if every point in the boundary  of each element of F is visible from 
a point in S; i.e., for every point  p on the boundary  of each element ofF ,  there is a point 
x e S such that the line segment jo ining x to p intersects the union of all of the elements 
of F exactly in p. I l luminat ion problems lie within the study of Art  Gallery problems, 
see [-5]. 
In ([,3], see also [-7]) the following variat ion on art gallery problems was studied: 
How many light sources are needed to i l luminate a family of n disjoint compact 
convex sets? There it was proved that 4n-7  light sources are always sufficient and 
occasional ly needed to i l luminate such families. 
In this note we study i l lumination of line segments in the plane. It is known that any 
family of n disjoint line segments can be i l luminated from a set of at most [- 3n/4 7 l ight 
sources [1]. In the same paper it is conjectured that n/2 + c l ight sources are always 
sufficient i l luminate n disjoint line segments. In this note we prove that any family 
F of n line segments, n~> 11, can always be i l luminated usi~ag [- 2n/3 -] l ight sources, 
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thus improving on the result presented in [1]. If all the elements in F are line segments 
parallel to the x or the y-axes, then F can be il luminated by [- (n + 1)/2 ] light sources. 
2. Illuminating line segments 
Throughout  his section, we shall assume that no two line segments are aligned; this 
restriction can be easily deleted leaving the results presented here unchanged. We 
prove the following results. 
Theorem 1. For any collection F of n disjoint line segments in the plane, n >1 11, there 
exists a set of at most F 2n/3 7 light sources that suffices to illuminate the elements ofF. 
A collection of line segments in the plane is called orthogonal if the elements of F are 
parallel to the x or the y-axis. For this case we can prove the following result. 
Theorem 2. Any orthogonal family of n disjoint line segments in the plane can be 
illuminated from a set consisting of at most F (n + 1)/2 ] light sources. 
Proof of Theorem 1. Let F = {L1 . . . . .  L, } be a family of n disjoint line segments in the 
plane, n/> 11. Choose a triangle T containing all of the elements of F in its interior and 
let F' be the family containing all of the elements of F together with three line 
segments L.+ 1, L,+ 2, L.+ a obtained from T by shortening the three sides of T by an 
e > 0, e sufficiently small, so that for all 1 ~< i < j  ~< 3, dist (L. +i, L. +j) < min {dist (La, Lb) I 
1 <~a<b<~n} (see Fig. l(a)). 
Construct a family H = {$1 . . . . .  S,, S. + 1, S, + 2, S. + 3} of n + 3 strictly convex com- 
pact sets with mutually disjoint interiors (our sets are allowed to touch each other at 
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a single tangency point of their boundaries) satisfying the following properties: 
(a) Li is contained in Si, i= 1 ..... n + 3. 
(b) The number of points at which pairs of elements of H are tangent is maximized. 
(see (Fig. l(b)). 
The construction is done in the following way (compare with that of [2]). We 
choose, one at a time, a strictly convex set Aj that contains the segment Lj and is 
disjoint from the previous sets A1 ..... At_l, and the remaining segments 
Lt+ 1 . . . . .  Ln+ 3. One at a time we enlarge a set Ai, 1 <~i<~n, to another strictly convex 
set until it touches another set, say at a point P. Keeping P at the boundary, we 
continue to enlarge to yet another strictly convex set until the new set touches ome 
other set at another point Q; we continue to enlarge, by keeping both points P and 
Q at the boundary, until another set is touched, at a point R, and so on. Figure 2 
shows the process. 
The following observation is clear: Every element in H is tangent o at least three 
other elements in H. Construct a graph G as follows: For each element of H insert 
a vertex in G. Two vertices are adjacent if their corresponding sets in H are tangent 
(see Fig. 3(a)). 
It is easy to see that the graph G is planar and 2-connected. In addition, since each 
set in H is tangent o at least three other elements in H, the minimum degree in G is at 
least three. 
The graph G has at least 14 vertices, since n >~ 11, hence by a theorem of Nishizeki 
[4], G has a matching M of size at least [-(n + 3 + 4)/3 ] = [- (n + 1)/3 ] + 2. For each pair 
of elements S~, S t matched in M by an edge of G, place a light source at the point where 
S~ meets S t. This light source will illuminate the line segments L~ and L t contained in S~ 
and S t, respectively (see Fig. 2(b)). Since M has at least [ - (n+1)/3]+2 elements, 
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2([ (n + 1)/3 ] + 2) elements of F will be illuminated using [. (n + 1)/3 ] + 2 light sources. 
For the remaining elements of F, (those not belonging to pairs in M) an extra light 
source per element is needed. The total number of light sources required by our 
technique is 
([ (n + 1)/3 -]+2)+ [(n + 3)-2([-(n+ 1)/3 ]+2)]  
=n+l-F(n+l)/3~=[.2n/3-]. Z 
2.1. The orthogonal case 
We proceed to prove Theorem 2. To this end we will use the following result of 
Tutte which guarantees the existence of a perfect matching in a graph G. 
Theorem (Tutte [6]). A graph G has a perfect matching f and only if jor every subset 
S of V(G), Odd(G-S) ~< [S [, where Odd(G-S) is the number ofconnected components of 
G-S having an odd number of vertices. 
Proof of Theorem 2. Let F be an orthogonal family of n line segments and let R be 
a rectangle containing all the elements of F in its interior. Suppose that F has an odd 
number of elements, otherwise add an extra line segment to F and the same result will 
follow. Extend on both sides all the elements in F, one at a time, until they hit the 
rectangle R or another element of F. It is easy to verify that once we have finished 
extending the elements of F, R is subdivided into n + 1 subrectangles. We construct 
a graph G in which each subrectangle of R is represented by a vertex of G and two 
vertices u and v of G are adjacent if their corresponding subrectangles have  common 
corner point (see Fig. 4). 
We proceed to show that the graph G satisfies Tutte's condition. Let S be any subset 
of the vertex set of G and let k be the number of connected components of G-S. Each 
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Fig. 4. Notice that subrectangles a and b are not adjacent; this is because they do not have a common 
corner. 
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Fig. 5. (a) Three components with vertex sets {a}, {b,c,d,e,f} and {g}, respectively, inducing a tot l of 14 
corners. (b) By restoring rectangle h, we kill two of our 14 old corners. 
connected component  Ci of G-S  is represented by an orthogonal  polygon Pi of R. 
Each such a polygon has at least four corner points. Notice that although two 
different components may have a common line in their boundaries, the corners 
defined by each component  are disjoint from those of another component  (see Fig. 3). 
The total number of corner points generated by the k components in G-S  is at least 4k. 
In other words, when we delete from R the rectangles representing vertices in S, we 
obtain a family of k orthogonal  polygons contained in R generating at least 4k corner 
points. 
Our  next observation is essential to our proof: If one rectangle represented by 
a vertex in S is restored, then at most four corner points will d isappear (see Fig. 5). 
Notice that the four corners generated by the subrectangle a in the same figure, remain 
intact when h is restored in R. 
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Once all rectangles in S are restored, all the corner points generated by the 
components of G-S will disappear, except for the four corner points of R; it follows 
that k ~< I S I + 1. The reader may verify that if k = I S I + 1, then at least one of the 
components of G-S is even, otherwise the number of vertices of G would be odd, 
which contradicts the asummption that the number of vertices in G (i.e. the number of 
subrectangles of R) is even. Thus G satisfies Tutte's condition and hence G has 
a perfect matching. 
Let M be a perfect matching of G. For every pair {A, B} of regions matched in M, 
place a light source s in one of them, say A, close to a common corner c of A and B. 
This light source illuminates all of the boundary of A and most of the boundary of B, 
with the possible exception of a small line segment L contained in one of the lines 
bounding B (shaded by the line separating A from B). By choosing s close enough to 
c the segment L can be made arbitrarily small. It is not difficult to see that if we make 
L small enough, it will be illuminated by the light source s' illuminating the other 
region H containing L in its boundary (see Fig. 6). [] 
5. Conclusions 
We proved that any family F of n disjoint line segments in the plane, n ~> 11, can 
always be illuminated by [- 2n/3 -] light sources. In the orthogonal case, we proved that 
[-(n + 1)/2 7 light sources are sufficient. We believe that both bounds are not tight. In 
the general case, we feel that the correct upper bound is n/2 + c, for some constant c. 
For the orthogonal case, we can construct a family of n line segments for which 
(n-2)/3 light sources are needed. 
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Note added in proof. The cor respond ing  editor  has, for every k, a col lect ion of 9k + 5 
line segments  in the plane which needs at least 4k + 2 l ight sources; for the or thogona l  
case, the related numbers  are 5k + 3 and 2k + 1. Thus,  these lower bounds  are 4n + 9 
(general) and 2n/5 (orthogonal) .  
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